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Abstract
We present a formulation of Quantum Electrodynamics in terms
of an antisymmetric tensor gauge field. In this formulation the topo-
logical current of this field appears as a source for the electromagnetic
field and the topological charge therefore acts physically as an elec-
tric charge. The charged states of QED lie in the sector where the
topological charge is identical to the matter charge. The antisymmet-
ric field theory, however, admits new sectors where the topological
charge is more general. These nontrivial, electrically charged, sectors
contain massless states orthogonal to the vacuum which are created by
a gauge invariant operator and can be interpreted as coherent states
of photons. We evaluate the correlation functions of these states in
the absence of matter. The new states have a positive definite norm
and do interact with the charged states of QED in the usual way.
It is argued that if these new sectors are in fact realized in nature
then a very intense background electromagnetic field is necessary for
the experimental observation of them. The order of magnitude of the
intensity threshold is estimated.
1On sabbatical leave from Departamento de F´ısica, Pontif´ıcia Universidade Cato´lica,
Rio de Janeiro, Brazil. E-mail : marino@puhep1.princeton.edu
1) Introduction
An extremely interesting feature of many quantum field theories is the presence of
topological sectors in the spectrum of quantum excitations. These, to use a broad
definition, are characterized by the fact that they carry a charge which is associated
to an identically conserved current rather than to one whose conservation stems from
a global symmetry of the lagrangian, via Noether theorem. A general feature of
this kind of excitations is the fact that their physical behavior cannot be decribed in
terms of the lagrangian fields or even in terms of polynomials in these fields. This
fact immediately rules out the possibility of any perturbative treatment of them.
There is a large diversity of systems in various number of dimensions displaying
quantum topological excitations in their spectrum. Usually they are associated to
finite energy classical solutions of the field equations, known generally as solitons, of
which they are the quantum counterparts. In this case, the quantum solitons are
massive, the quantum mass being of the order of the total energy of the classical
solution. Well known examples are the kinks, Sine-Gordon solitons, vortices and
magnetic monopoles [1, 11] There are, however, less known examples where the system
possesses quantum topological excitations even though there are no corresponding
classical finite energy solutions of the field equations. These occur, for example,
in Z(4) symmetric systems of field theory or quantum statistical mechanics in two
dimensional spacetime, whenever there are phases where the symmetry is partially
broken down to Z(2) [11, 2].
Quantum Electrodynamics in 3+1 dimensions is a theory which does not possess
either classical or quantum topological excitations. In this work, however, we show
that QED can be formulated as a particular sector of a theory for the antisymmetric
tensor gauge field Wµν . This field possesses a topological current which appears as
source for the electromagnetic field. The topological charge, as a consequence, acts
physically as an electric charge. The usual (matter) charged states of QED lie in the
sector where the topological charge is identical to the matter charge. The theory,
however, possesses new nontrivial topologically charged sectors which do not belong
2
to QED. The charge of this states does not have its origin in matter. It is a state of
the gauge field.
We construct a gauge invariant operator which creates the topologically charged
excitations in the new sectors and compute its correlation functions in the absence
of charged matter. These can be taken to describe the large distance regime of the
correlation functions when charged matter is present. The long distance behavior
of the correlation functions indicates that the new topologically charged states are
massless and orthogonal to the vacuum. From the two-point function, one can also
infer that the norm of these states is strictly positive definite. The new toplogically
charged states interact among themselves as well as with the usual matter charged
states in the usual way as described by QED. When we express their creation operator
in terms of the electromagnetic field we see that they can be interpreted as a coherent
state of photons.
There is a two-dimensional system which presents a very similar structure as our
four-dimensional theory for the antisymmetric tensor gauge field. This is the free
real massless scalar field in 1+1 D. The main features of this theory are reviewed
in Section 2. An important difference of the system considered here from the two-
dimensional analog is the fact that for a certain value of the topological charge there
are asymptotic states interpolated by the creation operator of topological excitations.
This fact allows us to determine the value of the topological charge quantum.
It may well happen that the more general formulation of QED which admits these
new charged sectors is simply not realized in nature. If, on the other hand, the
contrary is true, we argue that an extremely strong background electromagnetic would
be required for the observation of the new states. We make an estimate of the order
of magnitude of the threshold magnitude of the intensity of this background field.
In Section 3, we present the formulation of QED in terms of the antisymmetric
tensor gauge field. In Section 4, we introduce the creation operator of the quantum
topological excitations. In Section 5 we compute the correlation functions of this
operator. Some phenomenological considerations concerning the possibility of obser-
vation of the topological states are made in Section 6. Conclusions and questions are
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presented in Section 8. Four Appendixes are included in order to demonstrate useful
results.
2) An Analogous System in 1+1 D
Let us review in this section an extremely simple system which presents essentially the
same features as the antisymmetric tensor gauge field theory we found to be associated
to QED in 3+1 D. This is the real massless scalar field in 1+1 D :
L = ∂µφ∂
µφ (2.1)
This field possesses an identically conserved topological current
Jµ = ǫµν∂νφ (2.2)
In terms of it the field equation ✷φ = 0 can be written as
ǫµν∂µJν = 0 (2.3)
This admits the operator solution
Jµ = ∂µχ =⇒ ✷χ = 0 (2.4)
No polynomial in φ or its derivatives can create states carrying the topological
charge Q =
∫
dxJ0. Nevertheless, if we introduce the operator
σ(x, t) = exp
{
ib
∫ x
φ˙(z, t)dz
}
⇒ σ(x, t) = exp {ibχ(x, t)} (2.5)
it is easy to see, by using canonical commutation relations, that
[Q, σ(x)] = bσ(x) (2.6)
This shows that σ creates states bearing b units of the topological charge Q in spite
of the fact that the theory possesses no classical soliton solutions. In the above
expressions, b is an arbitrary real parameter.
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The topologically charged states will have nontrivial interactions even though the
original theory is free. We can figure out what this interaction will be by simply
writing the original lagrangian in terms of Jµ:
L = (1/2)∂µφ∂
µφ = (1/2)ǫµα∂αφǫµβ∂
βφ ⇒ L = (1/2)JµJµ (2.7)
This indicates that the topological states will have a Thirring-like interaction which
is known to be the correct one.
We can easily compute the σ euclidean correlation functions to be
< σ(x)σ†(y) >= |x− y|−
b2
8pi (2.8)
The long distance behavior of this implies that < σ >= 0 and therefore the sigma
operator creates nontrivial states orhtogonal to the vacuum. Going to euclidean space
and taking the limit x → y we can see that the norm of the σ states is strictly
positive, in spite of the fact that the quantization of the free massless scalar field in
to dimensional spacetime requires a Hilbert space with an indefinite metric [3]. We
are going to see that the theory of the antisymmetric tensor gauge field we are going
to introduce in 3+1 D in connection to QED presents a structure quite similar to the
one just described.
3) QED Formulated as a Theory for the Antisym-
metric Tensor Gauge Field
Let us show in this section that QED can be formulated as a particular sector of a
theory for the antisymmetric (Kalb-Ramond) tensor gauge field. Let us start by the
case in which matter is absent. Consider the following theory for the antisymmetric
tensor gauge field Wµν :
LW = −
1
12
Wµνα(−✷)
−1W µνα (3.1)
where Wµνα = ∂µWνα + ∂νWαµ + ∂αWµν is the field intensity tensor of the antisym-
metric field. The kernel in (3.1) is
(−✷−1) =
∫ d4k
(2π)4
eik·(z−z
′)
k2
=
1
8π2|z − z′|2
(3.2)
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All over this paper, of course, multiplication by ✷−1 is understood in the convolution
sense. The topological current of the Wµν field is given by
Jµ =
1
2
ǫµναβ∂νWαβ (3.3)
The field equation associated to (3.1) is
✷
−1∂αW
αµν = 0 (3.4)
We can rewrite this in terms of the topological current as
✷
−1ǫµναβ∂αJβ = 0 (3.5)
We immediately see that we can obtain an operator solution for Jµ in terms of a free
masless scalar field
Jµ = ∂µχ ✷χ = 0 (3.6)
Since Jµ has dimension 3, it follows that χ is a noncanonical massless free field. We can
express Jµ in terms of a canonical masless free field φ by using the pseudodifferential
operator (−✷)1/2:
Jµ = ∂µ(−✷)1/2φ (3.7)
Using ✷φ = 0, it is clear that clear that
∂µJ
µ = ✷(−✷)1/2φ = (−✷)1/2✷φ = 0 (3.8)
As in our two-dimensional example, no polynomial in the field intensity Wµνα can
create states carrying the topological charge Q =
∫
d3xJ0. Nevertheless, we are going
to see in the next section that it is possible to construct an operator, analogous to
the σ- operator of the last section, which is going to create the topologically charged
states.
As before, let us try to see what kind of interaction the topological charge carrying
states will have. In order to do this, let us express the LW lagrangian in terms of the
topological current. Using (3.1) and (3.3) we get
LW =
1
2
Jµ(−✷)−1Jµ (3.9)
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which is exactly the effective electromagnetic interaction between charged particles
associated with a current Jµ which would be obtained in QED upon integration over
the elctromagnetic field. For static point chrges, for instance, the energy corresponding
to (3.9) is the 1/r Coulomb potential energy. We see that the topological charges
present an electromagnetic-like interaction among themselves. This fact justifies our
peculiar form of the lagrangian LW containing the kernel ✷
−1.
The fact that we can describe the properties of QED through a theory like the one
given by LW , however, only becomes evident when we couple the Wµν- field with the
charged matter current jµ in the following way:
LW + LI = −
1
12
Wµνα(−✷)
−1W µνα −
q
2
ǫµναβ∂νWαβ(−✷)
−1jµ (3.10)
where q is the charge coupling constant of matter.
In order to get the effective interaction of the matter current generated by (3.10),
let us consider the euclidean functional integration over Wµν in (3.10):
Z[jµ] = Z−1
∫
DWµν exp{−
∫
d4z[LW + LI + LGFW ]} =
exp
{
−
q2
2
∫
d4zd4z′
[
(−✷)jµǫµναβ∂ν
] [
(−✷)jσǫσλγρ∂′λ
]
Dαβγρ(z − z′)
}
(3.11)
In the above expression LGFW is the gauge fixing term, given by
LGFW = −(ξ/8)WµνK
µναβ(−✷)−1Wαβ (3.12)
where Kµναβ = ∂µ∂αδνβ + ∂ν∂βδµα − (α ↔ β) and ξ is gauge fixing parameter and
Dµναβ is the euclidean propagator of the Wµν field:
Dµναβ(x) = (1/4)[(−✷)∆µναβ + (1− ξ−1)Kµναβ ][8π2 |x|2]−1 (3.13)
where ∆µναβ = δµαδνβ − δµβδνα. Inserting (3.13) in (3.11) we see that only the first
term of (3.13) contributes to (3.11). Using the fact that jµ is a conserved current, we
get
Z[jµ] = exp{
q2
2
∫
d4zd4z′jµ(z)(−✷)−1jµ(z
′)} (3.14)
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The effective interaction Z[jµ], given by ( 3.14) is precisely the one which is gener-
ated by Maxwell QED upon integration over the electromagnetic field. We therefore
conclude that the theory given by ( 3.10) does describe the same interaction of the
charged matter coupled to the antisymmetric field as does Maxwell QED.
The field equation associated with ( 3.10) is
∂αW
µνα = qǫµναβ∂αjβ (3.15)
We can reexpress this in terms of the topological current as
ǫµναβ∂αJβ = qǫ
µναβ∂αjβ (3.16)
by using the identity
∂αW
µνα ≡ ǫµναβ∂αJβ (3.17)
From (3.16) it is clear that we can obtain an operator solution for Jµ in terms of
the matter current and a free massless scalar field:
Jµ = qjµ + ∂µχ (3.18)
where ✷χ = 0. As before, we could express Jµ as well in terms of a canonical free
massless field.
Let us express now the Wµν field directly in terms of the electromagnetic field.
We see that LI can be put exactly in the form of a minimal coupling of j
µ with the
electromagnetic field Aµ, by defining (in the Lorentz gauge, ∂µA
µ = 0)
Jµ ≡ ∂νF
νµ (3.19)
This can also be written in the equivalent form
W αµν ≡ ǫµναβ(✷)Aβ (3.20)
The equivalence between (3.19) and (3.20) is another form of the identity (3.17). We
could also obtain (3.19) and (3.20) as field equations provided we make the substitu-
tion
(✷)−1jµ ≡ Aµ (3.21)
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in LI , eq. (3.10), obtaining thereby
LI = ǫ
µναβAµ∂νWαβ (3.22)
Observe that (3.21) is precisely the relation between jµ and Aµ one would obtain from
QED in the Lorentz gauge.
If we substitute ( 3.19) in ( 3.16) we get
ǫµναβ∂α[∂
γFγβ ] = qǫ
µναβ∂α[jβ ] (3.23)
which can be thought of as a generalized form of the Maxwell equations. The general
operator solution of (3.23) is
∂νF
νµ = qjµ + ∂µχ (3.24)
where ✷χ = 0. We could also have obtained (3.24) by inserting (3.19) in (3.18).
We see from ( 3.23) that ( 3.10) provides a description of the electromagnetic
interaction which is more general than the one of QED because it admits solutions of
the type ( 3.24) which contain the additional χ dependent term. The usual states of
QED lie in the sector where Jµ = qjµ, that is, the vacuum sector of the free scalar field
χ. In the Wµν- field formulation, however, we have new nontrivial sectors for which
the topological charge is nonzero even in the absence of matter, for instance. For
these states, the charge associated with Jµ = ∂µχ would be nonzero. The topological
current of the Wµν-field appears as a source for the electromagnetic field. Since the
solution for Jµ, eq. (3.18) contains a piece which is independent of the matter charge,
we see that this formulation of QED admits new charged sectors which are not related
to matter.
We can ask ourselves at this point about the interaction between these new topo-
logically charged states and the usual charged matter states of QED. Observing that
the interaction lagrangian can be written as
LI = qJ
µ(−✷)−1jµ = J
µAµ (3.25)
we conclude that the topological states would interact with the charged states of QED
in the usual way. Also, they would emit electromagnetic radiation in the same way
as the charged states of QED.
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The quantization of theories having nonlocalities of the type appearing in (3.1)
has been studied in detail in [4] for an arbitrary power of −✷. There it is shown that
these theories are well behaved and sensible. The particular lagrangian LW considered
here, where the power is -1 is actually local since it is a mass term for the transverse
part of Wµν .
In the next section we are going to show that despite the absence of finite energy
solutions carrying the topological charge we can construct an operator, analog to the
σ-operator of our two-dimensional example, which is going to create the states in the
new nontrivial toplogical sectors.
4) The µ Operator
In this section we are going to introduce the operator which will create the states in
the nontrivial toplogical sectors of the Wµν-field theory. This belongs to a class of
operators which was introduced in two, three, and four dimensional spacetime as the
creation operators of the respective topological excitations, namely− kinks, vortices
and magnetic monopoles [6, 7, 8, 9]. The method of construction of these operators
relies on the fact that the operator which creates the topological excitations of a
certain theory must behave as a disorder variable and therefore be dual to the basic
lagrangian fields. As a consequence, these operators must satisfy a certain order-
disorder or dual algebra with the lagrangian fields [11].
A basic ingredient in the construction of topological excitations creation opera-
tors is always [11] a singular external field which, when coupled to the dynamical
fields produces the desired operator. In the present case, the external field is the
antisymmetric tensor
A˜µν(z, x) =
b
4π
∫
Tx(S)
d3ξµΦν(ξ − x)δ
4(z − ξ)− (µ↔ ν) (4.1)
where b is an arbitrary dimensionless real parameter and Φν = (0, 0, 0,
1−cos θ
r sin θ
) (in
the coordinate system (t, r, θ, ϕ)). The integral in ( 4.1) is performed over the three-
dimensional hypersurface Tx(S) whose surface element d
3ξµ has only the 0-component
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nonvanishing. Tx(S) is the region of the R
3 space external to the surface S at z0 = x0.
This surface is depicted in Fig. 1 and consists of a piece of sphere of radius ρ centered
at ~x (0 ≤ θ ≤ π − δ) superimposed to an infinite trunk of cone with vertex at ~x and
angle δ (cut a distance ρ cos δ from the tip) with axis along θ = π. In the region
Tx(S), the vector ~Φ satisfies the following useful identity
~∇× ~Φ ≡ ~∇
[
−
1
|~x|
]
(4.2)
The µ−operator is constructed in the following way
µ(x) = lim
ρ,δ→0
exp
{
−
i
6
∫
d4zA˜µνα(z; x)(−✷)
−1W µνα
}
(4.3)
where A˜µνα is the field intensity tensor of A˜µν . The operator µ is in principle nonlocal,
depending on the hypersurface Tx(S). Nevertheless, as it happens in the case of the
above mentioned related operators [6, 9] all the hypersurface dependence of the µ
correlation functions can be eliminated by the introduction of a renormalization factor
whose form is uniquely determined only by the requirement of hypersurface invariance.
The parameters ρ and δ will be used as regulators which will be eliminated at the end
of the calculations.
Inserting ( 4.1) in ( 4.3) and observing that the surface element in ( 4.1) only
possesses the 0-component nonvanishing we get, after integration over z
µ(x) = lim
ρ,δ→0
exp
{
ib
4π
∫
Tx(S)
d3~ξ ∂iΦj(~ξ − ~x)(−✷)
−1 W 0ij(x0, ~ξ)
}
(4.4)
We can also reexpress µ in terms of the electromagnetic field by using eq. ( 3.20):
µ(x) = lim
ρ,δ→0
exp
{
ib
4π
∫
Tx(S)
d3~ξ ∂iΦj(~ξ − ~x)ǫ
ijkAk(x
0, ~ξ)
}
(4.5)
The charge and topological charge densities, which are identified by ( 3.19) are given,
respectively, by
ρ(x) = ∂iE
i =
1
2
ǫijk∂iWjk (4.6)
Using a covariant (Lorentz) gauge quantization ( see [5] for instance) we get the
equal-time commutation relations [Ai(x), Ej(y)] = iδ
i
jδ
3(x − y) where Ei = F i0 is
the electric field.
11
The commutator between µ and the charge density can be obtained by writing
µ ≡ eA, using the expansion for eABe−A, Eq.( 4.5) and the commutator [Ai, Ej ]. The
result is
[ρ(y), µ(x)] =
b
4π
µ(x) lim
ρ,δ→0
∫
Tx(S)
d3~ξ ǫijk∂
(y)
k δ
3(~ξ − ~y)∂
(ξ)
i Φj(
~ξ − ~x) (4.7)
where ρ(x) stands either for the charge or topological charge density.
Using the identity ∂
(y)
i = −∂
(ξ)
i and the results of Appendix D we can immediately
evaluate (4.7) to be
[ρ(y), µ(x)]ET = bµ(x)δ
3(~x− ~y) (4.8)
This equation shows that the operator µ does in fact carry b units of charge.
Another interesting commutator involving the operator µ is the one with the field
Wµν . From (3.19), we can express This field in terms of the electromagnetic field. In
the Lorentz gauge (∂µW
µν = 0), we have
W µν =
1
2
ǫµναβFαβ (4.9)
From this and (4.5) we can obtain, along the same lines as we did for the charge
commutator, the equal times relation
µ(x)Wij(y) =
[
Wij(y)−
b
4π
ǫijk
(~y − ~x)k
|~y − ~x|3
]
µ(x)
µ(x)Wi0(y) =Wi0(y)µ(x) (4.10)
This shows that the operator µ has indeed the same kind of commutation relation
with the lagrangian field as other topological excitation creation operators as the
vortex [7] and magnetic monopole operators, for instance [8]. Observe that through
commutation with Wµν , the µ operator introduces a configuration having a nonzero
topological charge.
Another interesting relation which can be obtained very in the same way as (4.10)
is the commutator of µ with the electric field:
[Ek(y), µ(x)]ET = b
(~y − ~x)k
4π|~y − ~x|3
µ(x) (4.11)
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In Appendix A it is shown that this implies
< µ(x)|Ek(y)|µ(x) >ET
< µ(x)|µ(x) >
= b
(~y − ~x)k
4π|~y − ~x|3
(4.12)
The vacuum expectation value of the electric field in the states created by µ is the field
configuration of a point electric charge of magnitude b. This characterizes |µ(x) > as
a coherent state of photons. Observe that the nonvanishing divergence of the above
equation is guaranteed by the r.h.s. of ( 3.24) even in the absence of matter. This
also shows that the states created by µ for which the charge b is different from the
charge q do not belong to QED in spite of the fact that we can express the µ-operator
in terms of Aµ. They belong to the additional nontrivial sectors of the Wµν- theory.
Let us remark at this point the similarity with the two- dimensional case studied
in Section 2. Even though no polynomial in the lagrangian fields can create states
carrying the topological charge we have an operator - µ in our case, σ in the two-
dimensional example - expressed nonperturbatively in terms of the lagrangian fields
which do indeed create states bearing this charge. In the next Section, we are going
to evaluate the two-point correlation function of µ.
5) The µ Correlation Functions
Let us compute in this section the euclidean correlation functions of the operator µ
introduced above. We will consider the case in which matter is not present. Taking
the expression of µ, Eq. ( 4.3), the lagrangian LW and going to euclidean space (in
which we will work henceforth) we may write
< µ(x)µ†(y) >= Z−1
∫
DWµν exp
{
−
∫
d4z
[
1
12
W µνα(−✷−1Wµνα+
+
1
6
A˜µνα(z; x, y)(−✷)
−1W µνα + LGF + LCT
]}
(5.1)
where LGF is the gauge fixing term given by ( 3.12) and A˜µνα(z; x, y) = A˜µνα(z; x)−
A˜µνα(z; y), the minus sign of the y-factor corresponding to the fact that we have µ
†(y).
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LCT is the above mentioned hypersurface renormalization factor to be determined
below.
We see that < µµ† >= eF [A˜µν ] is the vacuum functional in the presence of the
external field A˜µν . This property of the correlation functions of µ is common to all
of the above mentioned topological charge bearing related operators [6, 7, 8] and
follows from the general fact that topological charge carrying operators are closely
related to the disorder variables of Statistical Mechanics [10]. Indeed, treating these
operators as disorder variables one can demonstrate in general [11] that the µ operator
correlation functions can be expressed in terms of the coupling of the lagrangian
field to an external field like A˜µν as in ( 4.3). One can also show in general [11]
that the appropriate renormalization factor consists of the corresponding self-coupling
of the the external field. Also here, we will see explicitly that the renormalization
counterterm
LCT =
1
12
A˜µνα(−✷)−1A˜µνα (5.2)
will absorb all the hypersurface dependence of the correlation function, thereby mak-
ing it completely local. We can understand the reason for this in the following way.
Neglecting the gauge fixing term for a while, we see that we can write
< µ(x)µ†(y) >= eF [A˜µν(Tx(S);x,y)] = Z−1
∫
DWµν exp
{
Wµν + A˜µν(Tx(S); x, y)
}
(5.3)
Now, let us make the change of functional integration variable
Wµν −→ Wµν + ∂µΛν − ∂νΛµ (5.4)
with
Λµ = Θ4(∆V )[Φµ(z − x)− Φµ(z − y)] (5.5)
where Φµ was introduced above and Θ4(V ) is the 4-dimensional Heaviside function
with support on the 4-volume ∆V which is bounded by the hypersurface Tx(S) and
another arbitrary hypersurface T˜x(S), both of them limited by the surface S. It
is easy to see that under (5.4) and (5.5) the hypersurface Tx(S) in (5.3) will be
exchanged by T˜x(S) (actually the general form of the extenal field Aµ(z; x) contains
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a 4-volume term which vanishes whenever we choose the hypersurface to lie in the
flat R3 plane as we are doing here [7, 8]). This fact clearly shows that the correlation
function (5.3) becomes completely hypersurface independent with our choice (5.2)
for the renormalization factor. When we take in account the presence of the gauge
fixing term, we can still go through the same procedure above by just exchanging the
singular gauge transformation (5.4) by the corresponding BRST transformation [7, 8].
In what follows, we are going to see by explicit computation that the correlation
function (5.1), with the choice (5.2) made for LCT , is indeed hypersurface independent.
Let us remark that in the presence of a matter coupling, in order to attain hypersurface
invariance and therefore locality, by the arguments just exposed, one would have to
add a jµ dependent piece to the operator µ. This, of course should not change the
properties of the this operator studied in Section 4.
Before performing the functional integration in (5.1), let us observe that we can
rewrite the linear term as
1
6
∫
d4zA˜µνα(−✷)
−1W µνα =
1
2
∫
d4zBµν(−✷)
−1W µν (5.6)
where
Bµν(z; x) =
b
4π
∫
Tx(S)
d3ξα∂γΦβ(ξ − x)δ
4(z − ξ)F αβγ µν (5.7)
and
F αβγ µν = ∂
α∆βγ µν + ∂
β∆γα µν + ∂
γ∆αβ µν (5.8)
Integrating over Wµν in ( 5.1) with the help of the euclidean propagator of this
field, Eq. ( 3.13), we obtain
< µ(x)µ†(y) >= lim
ρ,δ→0
exp
{
1
2
∫
d4zd4z′Bµν(z)(−✷)−1Bαβ(z′)(−✷)−1Dµναβ(z − z
′)
−SCT} (5.9)
We immediately see that only the first term of (3.13) contributes to (5.9). In particular
all the gauge dependence disappears. This happens because of the gauge invariant
way in which the external field is coupled in ( 5.1). Using the identity
F µνα στF
γρβ
λχ = −4ǫ
µνασǫγρβλ[−✷δσλ + ∂σ∂λ] (5.10)
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and performing the z and z′ integrals in (5.9), we get
< µ(x)µ†(y) >= lim
ρ,δ,m,ǫ→0
exp

 b
2
32π2
2∑
i,j=1
λiλj
∫
Txi
d3ξµ∂
(ξ)
α Φν(
~ξ − ~xi)
×
∫
Txj
d3ηγ∂
(η)
β Φρ(~η − ~xj) ǫ
µνασǫγρβλ
×[−✷δσλ + ∂
(ξ)
σ ∂
(ξ)
λ ]
[
−
1
8π2
ln mγ[ |ξ − η|+ |ǫ| ]
]
− SCT
}
(5.11)
In this expression, x1 ≡ x , x2 ≡ y , λ1 ≡ +1 and λ2 ≡ −1. The last expression
between brackets is the inverse Fourier transform of 1/k4. It comes from the (−✷)−1
terms of ( 4.4), ( 5.1) and (5.9). In (5.11), m is an infrared regulator used to control
the the small k divergences of the inverse Fourier transform of 1/k4 and γ is the Euler
constant. We also introduced the ultraviolet cutoff |ǫ| in order to control the short
distance singularities of F−1[1/k4].
The r.h.s. in (5.11) contains two terms proportional to ∆σλ and ∂σ∂λ, respectively.
We are going to see that the second one is hypersurface independent and leads to a
local correlation function. The first one is hypersurface dependent. We show in
Appendix B that it is identical to SCT and therefore is exactly canceled.
Let us make now an important observation concerning the renormalization coun-
terterm SCT which as we said is identical to the first term in (5.11). This contains
two pieces: the crossed terms (with i 6= j) and the self-interaction terms ( with i = j).
In Appendix C we show that the crossed terms vanish. The self-interaction terms, on
the other hand, diverge in this limit. We conclude therefore that the renormalization
counterterm SCT contains only the unphysical self interaction terms. If the crossed
terms were nonvanishing our renormalization procedure would be meaningless since
it would be removing a nontrivial interaction.
Let us consider now the second term in (5.11). The derivatives ∂(ξ)σ and ∂
(ξ)
λ =
−∂
(η)
λ can be made total because of the ǫ
µναβ factors. Using the Gauss theorem we
can transform the hypersurface integrals in surface integrals. Then, using the results
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of Appendix D, we immediately get
< µ(x)µ†(y) >= lim
m,ǫ→0
exp
{
b2
8π2
[− lnmγ|x− y|+ lnmγ|ǫ|]
}
(5.12)
Note that the mγ factors cancel out. In a charge selection rule violating correlation
function (like < µµ >, for instance) we would have the sign of the ln |x − y| term
reversed and the mγ factors would no longer cancel, actually forcing the correlation
function to vanish in the limit m → 0 and thereby enforcing the charge selection
rule. The ultraviolet divergence at |ǫ| → 0 can be eliminated by a multiplicative
renormalization of the field µ, namely
µR(x) = µ(x)|ǫ|
−b2/16π2 (5.13)
Using this we finally get
< µR(x)µ
†
R(y) >= |x− y|
−b2/8π2 (5.14)
This is our final expression for the µ field euclidean two-point correlation function.
Observe that it is completely local. It is remarkably similar to the σ-operator corre-
lation function (2.8) of the two-dimensional analog system. From the long distance
behavior lim|x−y|→∞ < µR(x)µ
†
R(y) >= 0, we can infer that < µR(x) >= 0 and there-
fore that the states |µ(x) > , created by µ are orthogonal to the vacuum and therefore
nontrivial. The power law decay of the correlation function on the other hand implies
that these states are massless.
The form of the correlation function (5.14) implies that the norm of the states
created by µ is positive definite. Indeed, going back to the Minkowski space, we have
‖|µR > ‖
2 ≡ lim
x→y;(x−y)2<0
< µR(x)|µR(y) >=
lim
x→y;(x−y)2<0
[
|~x− ~y|2 − (x0 − y0)2
]−b2/8π2
> 0 (5.15)
This property shows that the states created by µ belong to the physical sector of the
Hilbert space of the Wµν theory even though they do not belong to QED which, in
the absence of matter, constitutes the zero topological charge sector. Here again we
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find the analogy with the 1+1 D massless scalar field where the corresponding above
mentioned σ operator creates states of positive norm in spite of the fact that the
Hilbert space has indefinite metric.
Observe that the renormalization process used to obtain local correlation functions
starting from the bare µ of course does not change the commutation rules of this
field. We would like to stress that although the expression ( 4.5) of µ in terms of
the electromagnetic field is well suited for the obtainment of commutation rules, the
natural form of µ which combines with the renormalization counterterm LCT and the
lagrangian LW in order to to produce local correlation functions is the one expressed
in terms of Wµν , Eq. ( 4.4).
An arbitrary 2n-point correlation function could be obtained in a straightforward
manner by just inserting additional external fields A˜µν in an expression like ( 5.1).
They would be given by products of monomials of the type we found in < µµ† >.
In the presence of matter we would no longer be able to obtain an exact expression
for the µ correlation functions because the integration over the matter fields could no
longer be done exactly. Nevertheless, due to the well known infrared asymptotic
freedom of QED we still may expect that the long distance behavior of < µµ† > will
be the same. The result that the operator µ(x) creates massless states orthogonal to
the vacuum, therefore, also holds in the presence of matter fields.
Before finishing this section, let us mention a well known operator which shares
some of the properties of µ as the commutator with the charge operator, for instance.
This is the Wilson line, exp{−i(b/4π)
∫ xAµdxµ}. This operator is not appropriate
because for it we would have nonvanishing string dependent crossed (i 6= j) interaction
terms (see the remarks after Eq.( 5.11) and Appendix C) which would inevitably lead
to a nonlocal correlation function.
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6) Phenomenological Estimates
In this Section, let us try to infer something about the observational characteristics
of the topological excitations we have just described. Of course all that follows would
only be valid in the event the more general description of QED, based on the anti-
symmetric tensor gauge field, would in fact be realized in nature. This is by no means
guaranteed by the present formalism.
6.1) The Quantum of Charge
The charge of the states created by µ is in principle not quantized since the parameter
b, which determines the value of the charge of the states created by µ is arbitrary,
in the same way as in the two-dimensional analogous system. There is, however, an
important difference from the 1+1 D case. Considering the spectral representation of
the µ correlation function
< µR(x)µ
†
R(y) >= |x− y|
−b2/8π2 =
∫ ∞
0
dM2ρ(M2)
∫
d4k
(2π)4
eik·(x−y)
k2 +M2
(6.1)
we immediately see that the spectral density is of the form
ρ(M2) =
{
λ (M2)σ b 6= 4π
λ′ δ(M2) b = 4π
(6.2)
where λ, λ′ and σ are constants.
The spectral density is in general a power function except for b = 4π when it is
a delta function with support on a mass equal to zero. We therefore conclude that
only for this value of b the µ-field really interpolates asymptotic states. We see that
in this case, the µ- correlation function behaves at long distances as a free massless
scalar field correlation function. In the above mentioned 1+1 D system, on the other
hand, the spectral density of the σ-field correlation function has no delta function
singularity for any value of b and therefore the asymptotic states associated with σ
are absent from the spectrum.
Based on the above considerations and imposing the condition that the charged
topological states should be observable asymptotically, we can fix their charge to be
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b = 4π. This, of course, is in the natural units system where the fine structure constant
is e2/4π = 1/137 and the electron charge is e = (4π/137)1/2. The charge of these
states, therefore can be expressed in terms of the electric charge as b = (4π137)1/2e.
It would be interesting to investigate whether some additional coupling to theWµν
field − as it happens with the Sine-Gordon coupling in the case of the scalar field in
1+1 D − would produce a charge quantization for the topologically charged states.
This would have interesting consequences in the presence of matter where some insight
could possibly be obtained on the quantization of matter charge since, as we saw, in
this case there are sectors where the topological charge is identified with the matter
charge.
6.2) The Intensity Threshold
Let us show here that the eventual observation of the charged topological states of
the gauge field would require the presence of an extremely intense backgroud elec-
tromagnetic field. We can understand this by examining the expression (4.5) of µ in
terms of the electromagnetic field and the correlation function (5.14). First of all, let
us remark that we can add in (5.12) a ln ℓ0 to both terms in the exponent. This will
fix the scale of the large distance regime of the correlation function. We can therefore
write and expand the µ correlation function (5.14) as
< µR(x)µ
†
R(y) >=
[
|x− y|
ℓ0
]−b2/8π2
= exp
[
−
b2
8π2
ln
|x− y|
ℓ0
]
=
∞∑
n=0
(−1)n
[
b2
8π2
ln |x−y|
ℓ0
]n
n!
(6.3)
If we look at expression (4.5) for µ and expand the exponential which appears there,
we immediately realize that the order n in the above expansion of the µ correlation
function is nothing but the number of photons contributing to it. Hence, we can
discover the minimal number of photons which is necessary to build up the coherent
topological states by determining until what order N the terms in the expansion (6.3)
give an important contribution.
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Observe now that in the presence of matter − which is always the real situation,
because at least the vacuum fluctuations of matter we can never remove − expression
(6.3) represents the large distance regime of the µ correlation function. The only scale
which fixes the magnitude of large distances is the electron Compton wavelegth λe
and therefore we make the identification ℓ0 ≡ λe in (6.3).
Using the value b = 4π which we found above and choosing
|x− y|
λe
∼ 10 (6.4)
for the onset of the large distance regime we find that for n ≃ 14 the summand in
(6.3) is of the order of 0.02 and decreases fastly for higher values of n. We conclude,
therefore, that N ≃ 14 is the order of magnitude of the minimal number of photons
needed to produce the topological states. These photons, however, must be within a
region of linear dimension of the order of 10λe, according to our choice (6.4).
The intensity of the background field is now readily estimated by using the formula
I =
NEc
V
(6.5)
where E is the photon energy, c is the speed of light and V is the volume where the
minimal number of photons should be. As we argued above, V ≃ 103λ3e and N ≃ 14.
Taking the photon wavelenght to be of the order λ ≃ 1µm [12] we get
I ≃ 6× 1018watt/cm2 (6.6)
To have an idea of how large this intensity is, we compare it to the intensity of
the electromagnetic radiation at the surface of the sun which is of the order I⊙ ≃
6× 103watt/cm2. The fact that the threshold intensity is so high would preclude the
production of the µ-states in ordinary processes like electron-positron annihilation,
for instance. Laser fields of intensities of the order of the threshold we estimated
here, however, can be constructed [12]. There is actually a projected experiment at
SLAC in which high energy electrons are scattered by such a laser field [12]. This is
precisely the kind of situation in which the charged topological excitations we studied
here should be observed if it is indeed true that the formulation we introduced here
is realized in nature.
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7) Conclusion
We have seen that it is possible to introduce a new formulation of QED in terms of
an antisymmetric tensor gauge field whose topological current appears as a source
for the electromagnetic field. The charged states of QED lie in the sector where the
topological current is identical to the charged matter current. There are, however,
new nontrivial topologically charged sectors whose charge is not associated to matter
but only to the gauge field. This charge would interact with the electromagnetic field
and with the charged matter states of QED in the usual way described by QED. The
topologically charged states are created by a gauge invariant operator and the long
distance behavior of the correlation functions of this operator indicates that these
states are massless. Imposition of the existence of the asymptotic states interpolated
by the topological excitation creation operator fixes the value of their charge.
Of course it may well be that this more general formulation of QED is just not
realized in nature. If, on the other hand, should it turn out to provide a correct de-
scription − in which event the topologically charged states would be possibly observed
− an extremely intense background electromagnetic field (I ≃ 1018watt/cm2) would
be needed in order to produce them. Laser fields of this order of intensity can be
obtained [12]. Scattering in the presence of such fields would be the ideal framework
to test the validity of the formulation introduced here. We are presently computing
the cross section for the photoproduction of a µ+µ− in the presence of such strong
background fields [13].
There are some interesting questions which arise in connection with these new
topologically charged states: is there any mechanism of mass generation for them ?
What happens when we couple other fields like in the Electroweak theory, for instance
? What about the usual sectors where the toplogical charge is identical to the matter
charge ? Could this formulation shed some light on the problem of quantization of
matter charge ?
The results we found in this work indicate that electric charge, which is a physical
quantity usually associated with matter can be obtained as an attribute of some
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coherent states of the gauge field itself. It is not inconceivable that other quantities
like spin, mass, flavor, color and so on could be generated as well as properties of some
peculiar states of the gauge fields in general. This would lead to the outstanding
possibility of describing both matter and the fields which mediate its interactions
within the same unified framework. We are sure this possibility is very far from what
has been presented here but we hope it could be a step towards this end.
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A) Appendix A
Let us demonstrate here eq. (4.12). Starting from (4.11) and applying it on < µ(x)|
to the left and on the vacuum to the right, we get
< µ(x)|Ek(y)|µ(x) >ET=< µ(x)|µ(x)E
k(y)|0 > +b
(~y − ~x)k
4π|~y − ~x|3
< µ(x)|µ(x) >
(A.1)
Since
lim
x→y
[µ†(x)µ(y), Ek(z)] = 0 (A.2)
it follows that the second term in (A.1) vanishes and (4.12) is immediately established.
B) Appendix B
Let us demonstrate here that the first term of (5.11) is identical to SCT . To begin
with, let us show that
I =
∫
d4z∂αAµν(z; x)T
αµν(z) =
b
4π
∫
Tx(S)
d3ξ[µ∂
(ξ)
α Φν](ξ − x)T
αµν(ξ) (B.1)
where Aµν is given by (4.1) and T
µνα(z) is an arbitrary tensor. According to (4.1) we
have
∂(z)α Aµν(z; x) =
b
4π
∫
Tx(S)
d3ξµΦν(ξ−x)∂
(z)
α δ
4(z−ξ)+
b
4π
nˆµ
∮
S
d2ξαΦν(ξ−x)δ
4(z−ξ)−(µ↔ ν)
(B.2)
where nˆµ is the unit vector in the direction of d3ξµ. Using Gauss’ theorem in the last
term and integrating in d4z with T αµν we get
I =
b
4π
∫
Tx(S)
d3ξ[µΦν](ξ − x)(−∂
(ξ)
α )T
αµν(ξ) +
b
4π
∫
Tx(S)
d3ξ[µ∂
(ξ)
α
[
Φν](ξ − x)T
αµν(ξ)
]
b
4π
∫
Tx(S)
d3ξ[µ∂
(ξ)
α Φν](ξ − x)T
αµν(ξ) (B.3)
thus establishing (B.1). Now consider the first term of (5.11). Antissymmetrizing in
µ, ν and γ, ρ and using the fact that the last expression between brackets is (−✷)−2
as well as (B.3), we can write the first term of (5.11) as
1
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∫
d4zd4z′ǫµνασ∂αAµν(z)
[
1
−✷
]
ǫγρβσ∂′βAγρ =
24
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∫
d4zAαµν(−✷)
−1Aαµν (B.4)
which is precisely SCT .
C) Appendix C
Let us show here that the i 6= j terms of SCT vanish in the limit when ρ→ 0. From
(5.11), we see that these terms are proportional to
I =
∫
Txi
d3ξµ∂
(ξ)
α Φν(
~ξ − ~xi)
×
∫
Txj
d3ηγ∂
(η)
β Φρ(~η − ~xj) ǫ
µναλǫγρβλF−1[(−✷)−1] (C.1)
Using the fact that d3ξµ // d3ηγ // nˆ4 and the identity (4.2), we can write (C.1)
as
I =
∫
Txi
d3ξµ∂
(ξ)
α
[
1
|~ξ − ~x|
] ∫
Txj
d3ηµ∂α(η)
[
1
|~η − ~y|
]
F−1[(−✷)−1] (C.2)
Taking the same steps which led us to (B.1), we can write
I =
∫
d4zd4z′∂αCµ(z; x)[(−✷)−1]∂′αCµ(z
′; y) (C.3)
where
Cµ(z; x) =
∫
Tx(S)
d3ξµ
[
1
|~ξ − ~x|
]
δ4(z − ξ) (C.4)
Integrating by parts the derivatives in (C.3), we get a delta function. Subsequent
integration over z′ gives
I =
∫
Cµ(z; x)Cµ(z; y) =∫
Tx(S)
d3ξµ
∫
Ty(S)
d3ηµ
1
|~ξ − ~x|
δ4(ξ − η)
1
|~η − ~y|
(C.5)
This expression vanishes due to the presence of the delta function and because
of the fact that the hypersurfaces Tx and Ty can always be chosen so as to have an
empty intersection.
For the i = j terms we would have Tx = Ty and the analogous integral would be
seen to diverge.
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D) Appendix D
Let us demonstrate here how to obtain results (4.8) and (5.12). In both cases, we
have one or more integrals of the type
lim
ρ,δ→0
∫
Tx(S)
d3ξǫijk∂
(ξ)
i Φj(~ξ − ~x)∂
(ξ)
k F (ξ) (D.1)
for some function F (ξ). The derivative ∂k can be made total because of the rotational.
Then, we can use Gauss’ theorem to get
lim
ρ,δ→0
∮
S(x)
d2ξkǫijk∂
(ξ)
i Φj(~ξ − ~x)F (ξ) (D.2)
Now, making use of the identity (4.2), we see that the cone piece of S(x) does not
contribute to (D.2) and we can already take the limit δ → 0. Inserting (4.2) in (D.2)
we get
lim
ρ→0
∮
Sphere(x)
dΩρ2
[
1
ρ2
]
F (ξ) = 4πF (x) (D.3)
This result leads immediately to (4.8) and (5.12).
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Figure Caption
Fig. 1 - Three dimensional hypersurface used in the definition of the external field
Aµν(z; x) and the operator µ (actually a cut of it).
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